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A B S T R A C T  

It is proved that no non-orthodox e-variety of E-solid semigroups has a 
finite basis for its bi-identities. 

1. Introduction and preliminaries 

In order to study regular semigroups from the universal algebraist's point of 

view, Hall [7] invented the notion of an ex i s t en ce  v a r i e t y  (briefly: e -var ie ty )  

of regular semigroups: this is a class of regular semigroups closed under the 

formation of direct products, regular subsemigroups and morphic images. The 

same concept has been independently developed by Kadourek and the second 

author [11] under the term b ivar ie ty ,  but for the subclass of orthodox semigroups 
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only. For this latter class the theory turned out to be particularly nice: there 

is a suitable notion of an identity (called b i - iden t i ty )  and a suitable concept of 

free object (called b i f ree  ob j ec t )  such that all classical results from the theory 

of varieties of universal algebras have natural analogues in this context. For 

instance, a class is an e-variety if and only if it is definable by a set of bi- 

identities; there is a natural correspondence between the lattice of fully invariant 

congruences on the bifree orthodox semigroup (on an infinite set of generators) 

and the lattice of all e-varieties of orthodox semigroups, and so on. 

The next fundamental result in this context was by Yeh [18] who discovered 

that  bifree objects also exist outside the class of orthodox semigroups: namely, 

an e-variety )2 contains bifree objects on sets of arbitrary cardinality if and only 

if all members of )2 are either E-solid or locally inverse. Refining some ideas 

of Yeh, the first author designed in [1] a type of bi-identity which allowed to 

carry over to the locally inverse case all the universal algebraic results previously 

found for orthodox semigroups. (The key idea here is to expand the algebraic 

type; more precisely, to introduce a new binary operation which is naturally 

defined on each locally inverse semigroup.) In addition, concrete models of the 

bifree locally inverse semigroup have been constructed (see [1, 2]). A further 

important  step was the construction of a model of the bifree E-solid semigroup 

by the second author in [15]. This result also suggested what an appropriate 

concept of bi-identity for E-solid semigroups should look like. Similarly to the 

locally inverse case, the algebraic type has to be expanded by a new - -  now unary 

- -  operation, which, however, is in contrast to the locally inverse case now no 

longer a total operation but a partial one. Nevertheless, all the classical universal 

algebraic results could be established for this case, too. This new concept and 

its consequences (including a Birkhoff type theorem, etc.) have been developed 

in [12]. 

An analogue to the Completeness Theorem of Equational Logic is also among 

the results which hold for e-varieties; this has been mentioned (but not formu- 

lated) for the orthodox and E-solid cases in [11, 12], and is implicit (but again not 

formulated) for the locally inverse case in [3]. Given such a theorem it is natural, 

for specific e-varieties ~, to search for a set E of bi-identities which hold in )2 

and such that  each bi-identity holding in ]~ can be derived from the bi-identities 

in E. Such a basis E (consisting of four independent bi-identities) was found in 

[3] for the e-variety of all locally inverse semigroups. The purpose of the present 

paper is to prove that no non-orthodox E-solid e-variety has a finite basis for its 

bi-identities. 
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The paper is structured as follows. In the next section we recall from [12] 

all the relevant information that is required for the proper understanding of 

the particular type of hi-identity adequate for the syntactical description of E- 

solid semigroups. The Completeness Theorem of Equational Logic will be also 

formulated. Section 3 is devoted to the proof that there is no finite basis of 

bi-identities for E-solid semigroups. More generally, it will be shown that  no 

non-orthodox e-variety of E-solid semigroups has a finite basis. In contrast, the 

e-variety of all orthodox semigroups does have a finite basis (even in the signature 

of E-solid semigroups); the latter will be demonstrated in Section 4. In the rest 

of the present section we shall give a few definitions and shall collect some results 

which will be needed in the sequel. 

For background information in semigroup theory the reader is referred to Howie 

[8]; for basic concepts of universal algebra see Burris Sankappanavar [4]. An 

introduction to e-varieties of regular semigroups in combination with a collection 

of results can be found in the survey articles by Jones [9] and Trotter [17]. 

As usual, for a semigroup S, E(S) or E stands for the set of idempotents of 

S; for x E S let V(x) = {y E S ] x = xyx, y = yxy} be the set of all inverses 

of x. The subsemigroup of S generated by E(S) is the core of S, to be denoted 

by C(S). It is well known that C(S) is regular if S is regular. A subsemigroup 

T of a regular semigroup S is se l f con juga te  if for each x E S 1, x' E V(x), the 

inclusion xTx' C_ T holds. For any subsemigroup T of a regular semigroup S, 

we define its c o n j u g a t e  in S to be the subsemigroup of S generated by the set 

{sts' I t C T, s �9 S 1, s' �9 Y(s)}, and denote it by To. Putt ing Tc~ = (Tc~-l)c 

and letting Too = Un~=l T~n then for T = C = C(S) we get the s e l f con juga t e  

core  Coo(S) which is the least selfconjugate subsemigroup of S which contains 

the core; according to Trotter [16], C~(S) is a regular subsemigroup of S. A 

regular semigroup S is E-sol id if for any idempotents e, f, g �9 E(S) such that 

e Tr f s g there is an idempotent h such that e s h Tr g. Throughout we shall 

assume an E-solid semigroup automatically to be regular. It is well known that 

E-solid semigroups may be alternatively characterized as regular semigroups S 

with C(S) being completely regular (see Hall [6]), or as regular semigroups S with 

C~(S) being completely regular (see Trotter [16]). The second characterization 

implies that each E-solid semigroup carries a partial unary operation x ~ x -1 

which is defined on C~(S) and which denotes the operation of taking the group 

inverse of x (within the maximal subgroup H~ of S containing x). For each 

non-empty set A denote by A + the absolutely free semigroup on A. 

We turn to the definition of bifree objects. Let X be a non-empty set and 



330 K. AUINGER AND M. B. SZENDREI Isr. J. Math. 

X '  = {x' I x E X} be a disjoint copy of X,  x ~ x '  being a bijection. A 

mapping 0: X U X '  -4 S (a regular semigroup) is m a t c h e d  if x'O E V(xO) for 

each x E X. Let 1) be a class of regular semigroups. A member F of 1) together 

with a matched mapping ~: X U X '  -4 F is a b i f r ee  o b j e c t  on X in 1) if for 

each S C 1) each matched mapping O: X U X '  -4 S admits a unique extension 

to a morphism 0: F -4 S (that is, there is a uniquely determined morphism 

0: F -4 S satisfying Lg = 0). Provided it exists, a bifree object is unique (up 

to the cardinality of X and up to isomorphic copies). This notion has been 

defined for the first t ime in [11] for classes of orthodox semigroups where i t  also 

has been shown that  each e-variety of orthodox semigroups has a bifree object 

on each non-empty set X. Later it was proved by Yeh [18] that  an e-variety 

12 has a bifree object on each non-empty set if and only if 1) is either locally 

inverse or E-solid. Finally, some specific e-varieties will be denoted as follows: 
$ $  E-solid semigroups, 

0 - orthodox semigroups, 
C7~ - completely regular semigroups, 

ON - completely simple semigroups, 

- groups. 

2. E q u a t i o n a l  logic for  E-so l id  s e m i g r o u p s  

We outline the theory of bi-identities for E-solid semigroups as developed by 

Ka~fourek and the second author in [12]. Throughout,  X denotes a fixed count- 

ably infinite set x l , x 2 , . . ,  of variables. Let X / = {x' I x E X} be a disjoint 

copy of X and put X = X U X  t. For y = x '  E X '  let yl -- x; however, this 

must be understood just as a notational convenience: X and X / are two sorts of 

variables, and I will never be used as an operational symbol. Further, let U(X) 
be the free unary semigroup on X; it is well known (see for example Clifford 

[5]) that  U(X) may be viewed as the smallest subsemigroup U of the absolutely 

free semigroup on the alphabet X U {(, )-1} containing X and such that  u E S 

implies (u) -1 E S (here ( and ) - t  are two new symbols not contained in X) .  

Let G(X) be the free group on X; then the mapping 7: X -4 G(X) ,  x ~-+ x, 

x '  ~-4 x -1 (where x E X) extends uniquely to a morphism of unary semigroups 

~: U(-X) -4 G(X). Let K(X) = 17-1; notice that  K(X) consists precisely of all 

elements u of U(X) whose "group reduced form" is the empty word (where the 

group reduced form is computed in an obvious way: apply (uv) -1 -4 ( v ) - l ( u ) - l ;  

( (u ) - l )  -1 -4 u; (x) -1 -4 x';  (x') -1 -4 x; xx',x'x -4 1 where u,v E U(--X), x E X 
and 1 is the empty word). The crucial set of terms T(X) is given by 
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Definition 2.1: Denote by T(X)  the smallest subsemigroup T of U(X) contain- 

ing X and such that  for each u E T N K(X)  also (u) -1 E T. Further, put  

R(X) = T(X)  M K(X) .  Then T(X)  is a semigroup endowed with the partial  

unary operation u ~-+ (u) -1 (u E R(X)).  The elements of T(X)  will be called 

t e r m s .  

Throughout  the paper, T(X)  will be considered as a semigroup with a partial 

unary operation. So by a congruence on T(X)  we will mean an equivalence rela- 

tion respecting both the multiplication and the partial unary operation. Notice 

that  the set of terms T(X)  has been denoted by F ' ~ ( X )  in [12]. It  is clear what 

the subterms of a given term u E T(X)  are. Formally the relation of being a 

subterm may be defined by induction: for all u, v, w E T(X) ,  u is a subterm of 

u, u and v are subterms of uv, u is a subterm of (u) -1, and if u is a subterm of 

v and v a subterm of w then u is also a subterm of w. Proofs for the results in 

this section can be found in [12]. 

RESULT 2.2: Each element of R(X)  can be obtained from the terms xx t and 

x' x (x E X) by a finite number of app!ications of the following operations: 

(1) concatenation: form uv from the terms u and v, 

(2) inversion: form (U) -1 from u, 

(3) conjugation: form y'uy for u E R(X)  and y E X.  

It  is well known that  the congruences and the morphisms of E-solid semigroups 

respect the partial unary operation of forming the group inverses of the elements 

in the selfconjugate core. So each E-solid semigroup can be considered as a semi- 

group endowed with this partial unary operation. By a morphism of T(X)  into 

an E-solid semigroup, we will mean a mapping respecting both the multiplication 

and the partial  unary operation. The following is crucial for the definition of a 

bi-identity. 

RESULT 2.3: Let S be an E-solid semigroup and O: X -+ S be a matched map- 

ping. Then there is a unique morphism O: T(X)  --+ S which extends O. 

We therefore define a b i - i d e n t i t y  to be a string of the form u ~- v with 

u, v E T(X) .  A bi-identity ho lds  in S or S sa t is f ies  the bi-identity u ~- v 

(denoted by S ~ u ~_ v) if u0 = v0 for the homomorphic extension 0 of each 

matched mapping 0: X --+ S. A class V of E-solid semigroups satisfies u ~_ v 

(denoted by V ~ u ~- v) if S ~ u ~_ v for each S E V. If E is a set of hi-identities 

then we say that  E ho lds  in S or S sa t is f ies  E (denoted by S ~ E) if S ~ u ~- v 

for each u _~ v in E. For a class ~ of E-solid semigroups let E(V) be the set of 

all bi-identities which hold in V. Denote by p(V) the binary relation on T(X)  
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corresponding to E(V), that  is, (u, v) E p(V) if and only if u ~- v E E(V). So we 

have the following analogues to the classical results of universal algebra. 

RESULT 2.4: For each e-variety V orE-solid semigroups, p(V) is a congruence on 

T ( X )  (respecting the partial unary operation) and T ( X ) / p ( V )  is a bifree object 

in V on X .  

For a set }2 of bi-identities let [}2] denote the class of all E-solid semigroups S 

satisfying }2. 

RESULT 2.5: Let V be a class of E-solid semigroups. Then V is an e-variety i f  

and only if  V = [}2] for some set ~ of bi-identities. I f  V is an e-variety then we 

have V = [E(V)]. 

Next let u, p, q E T ( X )  and suppose that  pq E R (X) .  Then u(x --4 p, x' -4 q) 

denotes the term which is obtained from u by substituting p for all occurrences of 

x and q for all occurrences of x t. Notice that  the condition pq E R ( X )  guarantees 

that  u(x ~ p,x '  --4 q) E T (X) .  a congruence p on T ( X )  is said to be closed 

under r e g u l a r  s u b s t i t u t i o n  if u p v, p p pqp, q p qpq with pq E R ( X )  imply 

u(x  p, x t q) p v(x  p, x' q). 

Definition 2.6: A congruence p on T ( X )  is b i - i nva r i an t  if p(gS) C_ p and p is 

closed under regular substitution. 

RESULT 2.7: A congruence p on T ( X )  is of the form p(V) for some e-variety V 

if  and only if  p is bi-invariant. 

The definition of a bi-invariant congruence in [12] is slightly different from that  

given here: there it is assumed that  a bi-invariant congruence p is closed under 

simultaneous regular substitutions: xl -~ pl,X~l --~ q l , . . .  ,Xn --~ pn,x~ --+ qn. 

However, due to the fact that  we have infinitely many variables at hand it is clear 

that  each such simultaneous substitution can be obtained as a finite sequence of 

regular substitutions as defined above. Consequently, the two definitions turn 

out to be equivalent. 

The considerations so far suggest that  we introduce the following concept of 

"biequational logic". In the sequel, for p, q E T ( X )  the string p E V(q) will 

simply be an abbreviation for the two bi-identities p "~ pqp and q ~ qpq. 

Definition 2.8: A set D of bi-identities is d e d u c t i v e l y  c losed if 

1. (a) u ~ _ u E D f o r a l l u E T ( X ) ,  

(b) u - - - v E D i m p l i e s v ~ - - u E D ,  

(c) u ~ v , v _ ~ w E D i m p l y u ~ w E D ;  
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2. (a) u ~- v E D implies wu"~  wv,  u w  ~- v w  E D for all w E T ( X ) ,  

(b) u ~ v E D and u , v  E R ( X )  imply (u) -1 ~- (v) -1 E D; 

. (a) x ~ x x ' x ,  x '  ~- x ' x x '  E D for all x E X,  

(b) ~ ~_ v,p E Y(q) ~ D,pq E R ( X )  imply 
u(x  ~ p, x '  -+ q) ~-- v ( x  -+ p, x '  --+ q) E D. 

For any set H of hi-identities, D ( s  denotes the smallest  deductively closed set 

containing E and is called the d e d u c t i v e  c l o s u r e  of E. 

Definit ion 2.9: Let E be a set of bi-identities and u -~ v be a hi-identity. Then  

u -~ v is a s y n t a c t i c a l  c o n s e q u e n c e  of E (denoted by H ~- u _~ v) if u ~_ v 

can be p r o v e d  from the bi-identities in s  tha t  is, if there is a finite sequence 

Ul -~ V l , . . . , u ~  ~- v~ of bi-identit ies such tha t  u~ -~ v,~ is just  the bi- identi ty 

u ~- v and for each i, ui ~- vi is ei ther of the form p ~ p, x ~- x x ' x  (p E T ( X ) ,  

x E X) ,  or ui ~- vi E E, or ui --~ vi can be obta ined f rom some preceeding 

bi-identit ies by applying one of the rules given by ( lb) ,  ( lc),  (2a), (2b), (3b) in 

Definition 2.8. 

By the use of s t andard  a rguments  (see for example  [4], Section II.14) one easily 

gets 

RESULT 2.10: For each set  E o f  bi-identities, 

D(E)  = {u ~_ v I Z ~ u ~- v}. 

As pointed  out in [12] we have an analogue to Birkhoff 's  Completeness  Theo rem 

of Equat ional  Logic. In order to formulate  it in a compac t  form we still need 

another  definition. 

Definit ion 2.11: Let E be a set of bi-identities; a bi-identi ty u ~- v is a s e m a n t i c a l  

c o n s e q u e n c e  of E (denoted by E ~ u ~- v) if for each E-solid semigroup S such 

t ha t  S ~ E we also have S ~ u -~ v. 

T h e  ment ioned completeness  theorem now may  be formulated as follows (its 

proof  is analogous to the proof  of the classical one for varieties of universal  

algebras and follows f rom the results of [12]). 

THEOREM 2.12: For  any set  E o f  bi-identit ies and for any bi- ident i ty  u "~ v we 

have 

E ~ u " ~ v  i f  a n d o n l y i f E U E ( s  V u ~ v .  
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In this theorem the set E ( / S )  of all bi-identities which hold in g S  may be 

replaced by any subset 2 i  C_ E(8S) with D(P,1) = P.(g8). For instance, as 

pointed out in [12], one may choose 

~1 • {(~) - l u  -~" /Z(TZ)--I,u(U) - l u  ,-o U, ( (U) - I )  -1 ~ It I U e n ( X ) } .  

But this set of bi-identities is obviously infinite. We are naturally led to the 

question if we can replace G(g$) by a finite subset 21. The purpose of this 

paper is to show that such a finite set does not exist. Call a set Yl, of bi-identities 

a basis  for the bi-identities of an e-variety 12 if D(~)  = G(~;). We will prove in 

the next section that no non-orthodox E-solid e-variety ~) has a finite basis for its 

bi-identities. In contrast, 49 does have a finite basis for its bi-identities, namely 

= {(xx 'yy ' )  2 ~- xx'yy' ,  (xx'yy')  -1 ~- xx'yy'} .  The latter will be demonstrated 

in Section 4. 

3. N o n - o r t h o d o x  E-so l id  e -var ie t ies  a re  no t  f in i te ly  based  

In order to prove the statement in the title we need some prerequisites. For 

a prime number q let C$(,Aq) denote the (e-)variety of all completely simple 

semigroups all of whose subgroups are abelian of exponent q. Let 12 be any 

E-solid e-variety which is not orthodox. Then ]2 contains a non-orthodox com- 

pletely simple semigroup S, and therefore contains a completely simple semigroup 

( ( l  1 ) )  where 2 is any 2_element set and (a} i sanon_tr iv ia l  34 2 , (a> ,2 ,  1 a 

cyclic group generated by a. In particular, ~2 contains some non-orthodox e- 

variety of completely simple semigroups all of whose subgroups are abelian. From 

the description of the lattice of (e-)varieties of completely simple semigroups with 

abelian subgroups given by Petrich and Reilly in [14], Theorem VIII.9.3, it follows 

that  each non-orthodox e-variety of completely simple semigroups (all of whose 

subgroups are abelian) contains an e-variety CS(Aq) for some prime number q. 

Therefore, from the remark above one can see that each non-orthodox e-variety 

of E-solid semigroups also contains some C$(Aq). We can formulate 

RESULT 3.1: Each non-orthodox e-variety of E-solid semigroups contains the 

e-variety C8(.dq) for some prime q. 

From Corollary 2.5 in [10] it follows that a model of the bifree semigroup on 

X0 = X U {x0} (with x0 ~ X) in CS(Aq) can be constructed as follows. Let 

Z = {Pxy I x , y  E X-~\{x0}} be a set of new symbols (that is, Z N X0 -- 0) 

indexed by all pairs (x, y) of elements of X0 \{x0}  and let A be the free abelian 

group of exponent q generated by Z t2 X0. Next let Pxox = P~o = 1, the identity 
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of A, for each x E X0 and let P be t h e X 0  xX0-mat r ix  P = (Pxy). Denote 

by F the Rees matrix semigroup F = A,t(X0, A, Xo; P). Then F,  together with 
- -  ( ~ . 1  ~-lx-I_-I the (matched) mapping L: Xo ~ F, x ~ (x ,x ,x ) ,  x' ~ ~, ,pz~, p~,x,X') 

(x �9 X0) is a bifree object on X0 in CS(Aq). Notice that  F depends on q, and 

in the following we shall assume to have the prime q fixed. Denote by A(Z)  the 

subgroup of A generated by Z. Finally, recall that each endomorphism 0 of F can 

be represented by a certain triple (r w, r where r and ~ are mappings X0 + X0 

and co is an endomorphism of A such that (r co, ~) satisfies certain compatibility 

conditions (for more precise information on endomorphisms of completely simple 

semigroups the reader is referred to results III.3.10 and III.3.11 in [14] or to 

Lemma 2.1 in [13]). All we have to take into account in the following is that each 

endomorphism of a completely simple semigroup maps /:-classes into E-classes 

and g-classes into ~-classes, and in the above-mentioned triple notation (r co, ~) 

of an endomorphism 0, for each (x, g, y) E F,  we have (x, g, y)O = (xr h, yr  for 

some h E A. Denote by ~5: T ( X )  -+ F the unique morphism determined by the 
- - I  X- -1  --1 X p', matched mapping x ~ (x , x , x ) ,  x' ~ (x ' ,p~ ,  p~,~, ). Notice that x0 ~ X 

and so for all matrix elements involved p~y r 1 holds. The following technical 

lemma is crucial in that it gives us a means to measure - -  in some sense - -  the 

complexity of a term u E T (X) .  

L E M M A  3 . 2 :  

(i) For each u C R(X) ,  uiI~ = (x, a, y) for some x, y �9 X and some a E A(Z) .  

(ii) Let 0 be an endomorphism of F represented by the triple (r co, ~) and Iet 

rc be the endomorphism of A(Z) determined by p~y ~ p~,~r Then for 

each u E R(X) ,  if  uOP = (x, a, y) then (u~)O = (xr arc, yr 

Proof: The argument is by induction on the complexity of the term u (ac- 

cording to Result 2.2), and (i) and (ii) are shown simultaneously. Obviously, 
(XZI') (I) --1 = = (x ,px~,,x) where x �9 X and p~,~,p~, �9 (z,p~,~,x') and (x 'x)~ , -1 -1 -1 

A(Z).  Moreover, ((xx')~)O and ((x'x)~)O are the idempotents of the H-classes 

corresponding to (xr162  and (x'r  respectively. Therefore ((xx')~)O = 
--1 / --1 i p ~ , j r , x r  and ((x'x)q~)O ~x'" -1 = (zr : -  = 

xr 
Now suppose that  u, v e R(X) ,  uq~ = (x, a, y), v~5 = (w, b, z) with x, y, w, z �9 

and a, b �9 A(Z).  ~r the rmore ,  assume that (u09)O = (xr aTr, yr  and (viI~)O = 

(wr zr Then (uv)q~ = (u~)(v~) = (x, apy~b,z) where x , z  �9 X and 

apv~b �9 A(Z)  and ((uv)~)O = (ur = (xC, arc, y~)(wr zr = 

(xr arc. py~,~r brc, zr = (xr (apy~b)Tr, zr One can also see directly that  
(~)--1(I) (U(I))--I - 1  - 1  - 1  = = (x, py~ a py~, y) and, since 0 commutes with taking group 
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inverses, we obtain that  

( ( ~ ) - 1 ~ ) 0  = ( u ~ ) - 1 0  

= ( (u~)0)  -1 

= (xr a~, yr  
X - 1  aTr - 1  - 1  = ( r py~,x~( ) p y r 1 6 2  

( x r  - 1  - 1  - 1  -- (Pyx a pyx)Tr, yr  

Thus properties (i) and (ii) in the statement of the lemma are preserved by 

operations (1) and (2) of Result 2.2. 

Consider now operation (3). We can easily check that  

( zu z ' )~  = z ~  . u ~  . z ' ~  
Z I - - I  - - I  - I  = ( z , z , z ) ( x , a , y ) (  , ; = , z  ;z ,~,z')  

= (% Zpzxapyz,pzzl, z - lp~lz ,  z') 

Z , - 1  - 1  -- ( ,P~aPu~ Pz~,Pz,z,z') 

by commutat ivi ty  of A, and here we have z , z '  E -X and pz~apy~,pzz,pz, z - 1  -1 C 

A ( Z ) .  Now if (z~)O = ( z , z , z )O  = ( z r 1 6 2  for some c e A then (z '~)O is 

the inverse of (z~)O in the 7-/-class corresponding to (z'r z ' r  that  is, (z'ff)0 -- 
t ~  --1 C--1 - 1  z %P~r162 Pz'r162 z ' r  Applying 0 we obtain that  

((z~,z'),~)e = (z~)O.  (,~'~)O. ( ; ~ ) e  

(zr  , -1 -1 -1 z' = zr162 Yr162162 P~'r162 r 
- 1  - -1  - -1  = (zr cp~r162 - a~r .pur162162162 p~,r162 z ' r  

---- ,' - - 1  - - 1  71" (zr (pz~apy, p,~,p,,~) , z'~b) 

by commutivity of A. Thus we see that  properties (i) and (ii) in the s tatement  

of the lemma are preserved also by operation (3) of Result 2.2. | 

Each a E A can be uniquely written, up to the order, as a = z~ ~ --- z~ ~ where zi 

are pairwise distinct elements from X0 U Z and 0 < a l , . . . ,  as < q. In particular, 

in case a = 1 we have s = 0. This enables us to introduce the next auxiliary 

concept. 

Definition 3.3: For f = (x ,a ,y )  C F put # f  = s if a = z ~ ' - . . z ~  ~ as in the 

representation above, and for u e T ( X )  let # u  = # ( u r  

Notice that  i tem (ii) of Lemma 3.2 implies that  for u E R ( X )  and for each 

endomorphism 0 of F,  we have # ( u r  < # ( u ~ ) .  This allows us to obtain 

another  lemma for later use. 
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LEMMA 3.4: Let u C R(X)  and p,q c T ( X )  be such that pq E R ( X )  and 

F ~ p E V(q). Then ~r --+ p, x' --+ q)) < ~r 

Proof." Let 0 be the endomorphism of F determined by x~5 ~ p~5, x~q) ~ qq~ 

and y~5 ~-~ yCp for all y C X with y r x, x'. There is such an endomorphism since 

F is a bifree object and p~ and qq) are mutually inverse elements of F (and so 

the above mapping is matched). Then (uq~)O = (u(x --+ p, x' --+ q))q~ and thus, 

as mentioned above, ~r --+ p, x' --+ q)) = #(uq~O) < #(uq~) = r I 

In the following it will be convenient to use the concept of a mul t i s e t  (as it is 

used in combinatorics) where a multiset is merely a set in which elements may 

occur several times and each element "counts" as often as it occurs, that  is, a 

multiset is an unordered sequence. (Formally one can define a finite multiset as 

an element of a free commutative monoid.) So if we speak about the multiset of 

subterms of a term w then this is just the set of subterms but each subterm is 

counted as often as it occurs. For example, the multiset of subterms of the term 

xxx  is Ix, x, x, xx, xx, xxx] which consists of six elements. We indicate multisets 

by brackets [...] rather than by braces {...}. 

Definition 3.5: Let u E T ( X )  and let M be a positive integer; let SM(U) be 

the multiset of subterms v of u such that (v) -1 is also a subterm of u for that 

particular occurrence of v and # v  > M. 

If u is a term such that for each subterm (v) -1 of u, ~v  < M then SM(U) = O, 

the empty (multi)set. 

In the following we shall prove that no non-orthodox E-solid e-variety ~ has a 

finite basis for its bi-identities. In other words, given any non-orthodox E-solid 

e-variety 12, there is no finite set E of hi-identities such that D(E) = E()2). The 

proof we shall present is as follows: if E is a set of bi-identities such that for some 

positive integer M, SM(U) = 0 for each term u occurring on one of the sides in a 

bi-identity of E then for each derived bi-identity u ~- v C D(E) there is a bijective 

correspondence w ~-~ ~ between SM(U) and SM(V). On the other hand, we shall 

see that for each positive integer M, there is a bi-identity u -~ v ~ E(gS) such 

that SM(U ) = O but SM(V) r O. 

LEMMA 3.6: Let q be a prime, M be a positive integer, E = {ui ~- vi [ i E I} 

be a set of bi-identities such that E C_ E(CS(Aq)). Suppose that SM(ui) = 0 = 

SM(Vi) for all i. Then for each bi-identity u ~ v ~ D(N) there is a bijective 

correspondence w ~-~ (v between SM(U) and SM(V) such that w ~- ~ C D(N) for 

each corresponding pair w C SM(U) and ~5 C SM(V). 
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Notation 3.7: For convenience, we write SM(U) ~ SM(V) if u --~ v enjoys the 

proper ty  s tated in the lemma. 

Proof: For each bi-identity ui -~ vi �9 E we trivially have tha t  SM(U~) e4 SM(vi) 

since SM(u~) = ~ = SM(V~). Further, all bi-identites p ~_ p with p �9 T ( X )  and 

x ~- xx 'x  with x �9 X have this property. Equally trivially, SM(U) +4 S~(v )  

implies SM (v) ~ SM (u) and likewise SM (u) +4 SM (v) and SM (v) +~ SM (w) 

imply SM(U) ++ SM(W). This means that  the application of the rules ( lb) ,  

(lc) of Definition 2.8 produces only hi-identities having the required property.  

It  is further  obvious that  SM(U) +4 SM(V) implies SM(wu) +4 SM(wv) and 

SM(UW) +4 SM(vw) for each w �9 T(X) .  For, if (t) -1 is a subterm of wu, say, 

it must  be a subterm of w or u. Thus the application of rule (2a) still produces 

hi-identities having the required property. 

Now let u ~- v �9 D(E)  for u, v �9 R(X)  and suppose that  SM(U) +4 SM(V). Ap- 

plication of rule (2b) gives (u) -1 ~ (v) -1 �9 D(E) .  Further, SM((u) -1) = SM(U ) 

or SM((U) -1) = SM(U) U [u] depending on whether # u  <_ M or •u > M and the 

analogous s ta tement  holds for SM((V)-~). But u -~ v �9 D(E)  implies F ~ u ~_ v, 

so tha t  u ~  = v(b and thus # u  = # v .  Therefore SM((U) -1) = SM(U) U [u] if and 

only if SM((V) -1) = SM(V) U [v] whence it follows that  the bijective correspon- 

dence between SM(U) and SM(V) extends to such a correspondence between 

SM((u) -1) and SM((V) -1) by put t ing  u ~ fi = v if required. So rule (2b) still 

produces only bi-identities enjoying the proper ty  we need. 

Next observe tha t  for p, q �9 T(X)  with pq �9 R(X) ,  both  relations SM(p) +4 

SM(pqp) and SM(q) ++ SM(qpq) are only possible if SM(p) = 0 = SM(q). Let us 

consider rule (3b) of Definition 2.8 (regular substi tution).  Let u, v,p, q �9 T ( X )  be 

such tha t  pq �9 R(X)  and u ~_ v, p ~_ pqp, q ~_ qpq are in D(E) ,  and suppose tha t  

SM(U) ~ SM(V), SM(p) +~ SM(pqp), SM(q) ~ SM(qpq). As already mentioned,  

the latter two relations imply SM(p) = 0 = SM(q). Consider now the terms 

u(x --+ p,x ~ ~ q) and v(x --+ p,x' ~ q). Let t be a term such tha t  (t) -1 is 

a sub te rm of u(x --4 p,x' ~ q). Then either (t) -~ occurs as a subterm of p 

or q, or t = w(x --4 p,x ~ --4 q) for some subterm w of u such tha t  (w) - I  is a 

subterm of u. In the first case, as we have seen above, we have ~ t  _ M.  In the 

second one, if w ~ SM(U) then by Lemma 3.4, we have ~ t  < ~ w  and therefore 

t r SM(U(X --+p,x' --4 q)). So we have that  

sM( (x p, x' q)) = [t(x - ,  p, x' q) I t �9 sM(u),  #t(x q) > M] 

and an analogous s ta tement  holds for SM(v(x --4 p,x' --4 q)). For t E SM(U) 

denote  by t the unique element of SM(V) corresponding to t according to the 
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correspondence SM(U) ++ SM(V). Then t ~- t �9 D(E) implies 

t(x -+ p, x' -+ q) = t(x + p, x' --+ q) �9 D(E) 

whence 

and so 

follows. Thus 

if and only if 

F ~ t(x + p, x' --~ q) ~ t(x --+ p, x' --~ q) 

~ t (x  --~ p, x' --+ q) = ~ft(x ~ p, x' --+ q) 

t ( .  -+ p,~' -+ q) �9 sM(,.(x --+ p,x' ~ q)) 
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~(x -~ p,x' + q) �9 SM(V(X ~ p,x' + q)). 

In other words, the bijective correspcmdence ++ between SM(U) and SM(V) 
carries over to the required correspondence between SM(U(X -+ p, x' -+ q)) and 

SM(v(x ~ p, x' --+ q)). | 

Remark 3.8: In the proof of Lemma 3.6 one can see why we used multisets 

rather than sets for the definition of SM(U). If we had defined SM(U) to be 

the underlying set of subterms then the steps SM(U) ~ SM(V) ~ SM(wu) 
SM(WV), SM(uw) e+ SM(VW) would no longer be true in general. Likewise, 

the implication S M ( p q p )  t-+ S M ( p ) ,  SM(qpq) ++ S M ( q )  ~ S M ( p )  ---- ~ = S M ( q )  

would also fail. 

The main result is now an easy exercise. 

THEOREM 3.9: No non-orthodox E-solid e-variety has a finite basis for its 
bi-identities. 

Proof: Let V be a non-orthodox E-solid e-variety. From Result 3.1 there is 

a prime q such that  CS(Aq) C_ V and therefore E(V) C_ E(CS(Aq)). Let E = 

{ul ~- Vl, . . . ,Un "0 Vn} be a finite set of bi-identities such that  E C_ E(V). 

Define ~ with respect to the prime q and choose a positive integer M >_ 2 such 

that  SM(ui) = 0 = SM(vi) for each i = 1 , . . . , n .  By Lemma 3.6, we have 

SM(U) ++ SM(V) for each u --~ v �9 D(E).  The bi-identity 

'--'XMX~ = ( (* lx~ '  XMX~)-I) -1 XlX  1 

holds in V. A straightforward calculation gives #(XlX~l ... XMX~M) = 2M - 1 and 

#((xlx~l ... ZMX~M) -1) = 2M if q > 2 and #( (x lx~ . . .  XMX~M) -1) = 2M - 1 if 

q -- 2. In any case, 

S M (  ( ( X l X l  . . . X M X t M ) - I )  - 1 )  = [XlXtl . . . XMXtM, ( X l X i  . " " ZMXthl)  -1] 
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whereas SM(XlX~. . .  XMX~M) = ~. Consequently, 

S M ( X l X t l  "'" XMXIM) ~6t S M ( ( ( X l X l l  ' ' '  X M X I M ) - I )  - 1 )  

and therefore 

zMx )-l) -1. . 

COROLLARY 3.10: ES has no finite basis for its bi-identities. 

In the classical context of varieties of universal algebras the property of being 

not finitely based is - -  in a sense - -  an "inconvenient" property. Indeed, it follows 

from the Completeness Theorem of First Order Logic that  a variety is finitely 

based if and only if it is finitely axiomatizable as a class of first order structures. 

The same holds for e-varieties of orthodox semigroups in the signature of [11] 

and for e-varieties of locally inverse semigroups in the signature of [3]. In these 

cases we also have that  an e-variety is finitely based if and only if it is a strictly 

elementary class. In the present context of e-varieties of E-solid semigroups the 

property of "overall" non-finite basedness does not reflect such inconveniences of 

the underlying classes - -  ES is strictly elementary and likewise are, for example, 

CTr and CS which are finitely based as varieties of unary semigroups - -  but rather 

seems to reflect a deficiency of the signature itself coming from the fact that  the 

unary operation -1 is not total. 

From this point of view it might be even surprising that  there do exist non- 

trivial e-varieties which are finitely based in this signature, as will be shown in 

the next section. 

4. O r t h o d o x  s e m i g r o u p s  are f in i te ly  based  

THEOREM 4.1: The bi-identities (xx 'yy ' )  2 ~- xx~yy ~ and (xx 'yy ' )  -1 ~_ x x ' y y '  

form a basis for the bi-identities of all orthodox semigroups. 

~XX t 1\2 __ XX t I Proof." Let E = (~ yy  ) "~ yy  , (xx 'yy ' )  -1 ~ xx ' yy ' }  and denote by p the 

congruence on T ( X )  given by u p v if and only if E F- u -~ v. We have to show 

that  p -- p(O) where p(O) C_ p is the non-trivial inclusion. In order to prove this 

inclusion it is sufficient to prove that  (i) x'p C V(xp)  for all x E X,  (ii) T ( X ) / p  

is orthodox and (iii) u p (u) -1 for each u E R ( X ) .  For in this case the mapping 

X -+ T ( X ) / p  is matched and extends to a morphism T ( X ) / p ( O )  --+ T ( X ) / p .  

Condition (i) trivially holds. The rest follows from a series of lemmas. 
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LEMMA 4.2: Let  P l , . . .  , P n , q l , . . .  ,qn E T ( X )  be such that  piqi E R ( X )  and 

E [- qi E V(pi )  for all i. Then  E [- qn ' ' "  ql E V(p l  "'" pn). 

Proof: The claim is trivial for n = 1 so consider the case n = 2. The substitution 

x --+ q l , x '  -~ Pl, Y --+ P2,Y ~ --+ q2 in the first bi-identity gives (qlplpzq2) 2 ~_ 

qlPlPzq2. So we get 

Pl 'P2q2qlPl"P2 ~ PaqlPl"P2qzqlPl"P2q2p2 

= Pl 'q lPlP2q2"qlPlP2q2"P2 

Pl"qlPlP2q2"P2 

= PlqaPl'Pzq2P2 ~ PiP2 

and by analogy q2qlPlP2q2ql ~- q2ql. Now we proceed by induction. Suppose 

E ~- q n ' " q l  E V ( p l . .  "pn) has already been proved. Then using the case n = 2 

we get qn+l " q n " "  ql E V(p l  ""p,~ �9 P n + I ) .  I 

COROLLARY 4.3: E t- (xyy 'x ' )  2 ~_ xyy ' x '  ~- (xyy 'x ' )  -1. 

Proo~ The first bi-identity follows from y 'x '  E V ( x y )  proven in Lemma 4.2. 

For the second one substitute y --+ xy,  y' --+ y 'x '  in (xx~yy~) -1 ~_ x x ' y y  ~. I 

LEMMA 4.4: For each w E X + ,  wp is regular in T ( X ) / p .  For each w E 

-Z + n R ( X ) ,  w 2 p ~, p ( w ) - ' .  

Proof: The first assertion is immediate from Lemma 4.2. Suppose that w E 

-X+ N R ( X ) .  Then either w = XWoX' for some Wo E X +  M R ( X )  and x E X or 

w = wow1 for some wo,wl  E -X + M R ( X ) .  The argument is by induction on the 

length of w. In case w = x x  ~ for some x E X, the assertion is trivial. Suppose 

that the claim is true for all words having length smaller than the length of w. 

In case w = XWoX ~ we have w 2 p Wo whence wop E V(wop) ,  which by Lemma 4.2 

implies (wox ' )p  E V( (xwo)p )  so that (XWoWoX') 2 p xwowox' .  Using once more 

that w~ p w0 we get (xwox')  2 p xwox' .  Further, xwowox'  p (xwowox')  -1 follows 

from wop E V(wop)  and Corollary 4.3. Replacement of w~ by w0 implies that 

xwox' p (xw0x')  -1 .  In c ~ e  ~ = ~ 0 ~ 1  we have ~0  ~ p w0 and ~ p ~1 by the 

induction hypothesis, so that wop E V(wop)  and wlp  E V ( w l p ) .  Appropriate 
2 2 2 2 - 1  substitution in E yields (w2w2) 2 p WoW 1 p (WoWa) . Again using w 2 p wo and 

w 2 p wa we get (wowa) 2 p WoW1 p (//)0Wl) -1, aS required. I 

LEMMA 4.5: For each w E T ( X )  there exists wl  E. -X + such that  w p wl .  
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Proof: The  assert ion is tr ivial  for w = x E X.  Let u,v C T ( X )  be such tha t  

for cer tain u l , v l  E X +  X + .  , u p u l  and v p v l .  Then  uv p u l v l  and ulvl  E 

Now let u E R ( X )  and suppose tha t  u p ul for ul C X +. Then  ul C R ( X )  since 

p C_ p(G). So (Ul) -1 is meaningful  and by L e m m a  4.4 we have tha t  (ul)  -1 p u~. 

From (u) -1 p (ul)  - ]  we obtain  (u) -1 p Ul, as required. | 

So we re turn  to the proof  of Theo rem 4.1 and show items (ii) and (iii). L e m m a  

4.4 and L e m m a  4.5 guarantee  tha t  T ( X ) / p  is regular. Let e, f E E ( T ( X ) / p ) .  

Since p C p(g) we have tha t  e = up, f = vp for some u, v E R ( X )  and therefore 

uv C R ( X ) .  From L e m m a  4.5, uv p w for some w C X + ,  and, again apply ing  

p C p(g) ,  we obta in  w C R(X) .  From L e m m a  4.4 we obta in  w p w 2, tha t  is, 

(ef)  2 = e f  so tha t  T ( X ) / p  is orthodox.  Finally, i tem (iii) follows f rom L e m m a  

4.4 in combina t ion  with L e m m a  4.5. | 
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